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ATOMIC SUBSPACES FOR OPERATORS
A. BHANDARI AND S. MUKHERJEE
Abstract. This paper introduces the concept of atomic subspaces with respect to a bounded
linear operator. Atomic subspaces generalize fusion frames and this generalization leads to
the notion of K-fusion frames. Characterizations of K-fusion frames are discussed. Various
properties of K-fusion frames, for example, direct sum, intersection, are studied.
1. Introduction
Notion of Hilbert space frames was first introduced by Duffin and Schaeffer [6] in 1952
to reconstruct signals. Much later in the year 1986, the fundamental concept of frames and
their significance in signal processing, image processing and data processing were presented
by Daubechies, Grossman and Meyer [4]. Frame theory plays an important role in various
fields and have been widely applied in signal processing [8], sampling theory [7], coding and
communications ([13], [10]) and so on.
It is a well-known fact that every element in a separable Hilbert space H can be explicitly
represented as a linear combination of an orthonormal basis in H with the help of Fourier
coefficients. But if one of the basis elements, for some reason, is removed, the explicit repre-
sentation may not hold. Primarily due to this reason an overcomplete system was introduced
which satisfies the explicit representation but more flexible when f ∈ H is to be reconstructed.
Such an overcomplete system is called a “Frame”.
L. Gaˇvrut¸a in [9] was first to introduce the notion of K-frames to study the nature of atomic
systems for a separable Hilbert space H with respect to a bounded linear operator K on H. It
is well-known fact that K-frames are more general than the classical frames and due to higher
generality of K-frames, many properties of frames may not hold for K-frames.
In the 21st century scientists introduced fusion frames to handle massive amount of data
to obtain mathematical framework to model and analyze such problems, which are otherwise
almost impossible to handle. Moreover fusion frames are also significantly important mathe-
matical gadget for theory oriented mathematical problems in frame theory. The notion of fusion
frames (or frames of subspaces) was first introduced by Casazza et. al. (see [1], [2]). There are
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so many applications of fusion frames like coding theory, compressed sensing, data processing
and so on. A fusion frame is a frame-like collection of closed subspaces in a Hilbert space.
In frame theory, amplitudes of projection vectors onto frame elements are used to represent
signals whereas in the fusion frame theory, signals are represented by its projection vectors
onto fusion frame subspaces. Also more specifically we may acquire that fusion frames are the
generalization of conventional classical frames and special cases of g-frames in the field of frame
theory.
This paper presents notion of atomic subspaces with respect to a bounded linear operator
on a separable Hilbert space which leads to the concept of K-fusion frames, a generalization of
fusion frames. This also generalize some results of [9].
The paper is organized as follows. In Section 2, we recall basic definitions and results related
to frames, K-frames and fusion frames. Atomic subspaces and K-fusion frames are introduced
and discussed in Section 3. Finally in Section 4 we characterize K-fusion frames and establish
various properties of the same.
Throughout the paper, H is a separable Hilbert space. We denote by L(H1,H2) the space
of all bounded linear operators from H1 into H2. For T ∈ L(H), we denote D(T ), N(T ) and
R(T ) for domain, null space and range of T , respectively. We consider the index set I to be
finite or countable.
2. Preliminaries
In this section we recall basic definitions and results needed in this paper. We refer to the
book by Ole Christensen [3] for an introduction to frame theory.
2.1. Frame. A collection {fi}i∈I in H is called a frame if there exist constants A,B > 0 such
that
A‖f‖2 ≤
∑
i∈I
|〈f, fi〉|
2 ≤ B‖f‖2, (1)
for all f ∈ H. The numbers A,B are called frame bounds. The supremum over all A’s and
infimum over all B’s satisfying above inequality are called the optimal frame bounds. The frame
is called a tight frame if A = B and if A = B = 1 it is called a Parseval frame. The frame
is called exact if it ceases to be a frame whenever any single element is removed from the
collection. If a collection satisfies only the right inequality in (1), it is called a Bessel sequence.
Given a frame {fi}i∈I of H. The pre-frame operator or synthesis operator is a bounded linear
operator T : l2(I) → H and is defined by T{ci} =
∑
i∈I
cifi. The adjoint of T , T
∗ : H → l2(I),
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given by T ∗f = {〈f, fi〉}, is called the analysis operator. The frame operator, S, is obtained by
composing T with T ∗ , S = TT ∗. That is, S : H → H such that
Sf = TT ∗f =
∑
i∈I
〈f, fi〉fi.
The frame operator is bounded, positive, self adjoint and invertible.
Reconstruction formula: Every element in H can be represented using frame elements as
follows:
f =
∑
i∈I
〈f, S−1fi〉fi =
∑
i∈I
〈f, fi〉S
−1fi (2)
Since the frame elements are not necessarily linearly independent, this representation is not
unique, in general.
2.2. K-Frame. Let K ∈ L(H), then a sequence {fi}i∈I in H is called a K-frame for H if there
exist positive constants A,B such that
A‖K∗f‖2 ≤
∑
i∈I
|〈f, fi〉|
2 ≤ B‖f‖2, (3)
for all f ∈ H and the above sequence is said to be a tight K-frame if
A‖K∗f‖2 =
∑
i∈I
|〈f, fi〉|
2, (4)
for all f ∈ H.
2.3. Fusion Frame. Given a Hilbert spaceH, consider a collection of closed subspaces {Wi}i∈I
ofH and a collection of positive weights {vi}i∈I . A family of weighted closed subspaces (W, v) =
{(Wi, vi) : i ∈ I} is called a fusion frame for H, if there exist constants 0 < A ≤ B < ∞
satisfying
A‖f‖2 ≤
∑
i∈I
v2i ‖PWif‖
2 ≤ B‖f‖2, (5)
where PWi is the orthogonal projection from H onto Wi. The constants A and B are called
fusion frame bounds. If A = B then the fusion frame is called a tight fusion frame, if A = B = 1
then it is called a Parseval fusion frame and the fusion frame is called orthonormal ifH =
⊕
Wi.
If vi = v, ∀ i ∈ I, it is called v-uniform fusion frame. A collection of closed subspaces, satisfying
only the right inequality in 5, is called a fusion Bessel sequence.
For a family of closed subspaces, {Wi}i∈I , of H, the corresponding l2 space is defined
by
(∑
i∈I
⊕
Wi
)
l2
= {{fi}i∈I : fi ∈ Wi,
∑
i∈I ‖fi‖
2 < ∞} with inner product is given by
〈{fi}, {gi}〉 =
∑
i∈I〈fi, gi〉H.
Let {(Wi, vi)}i∈I be a fusion frame. Then the synthesis operator TW : (
∑
i∈I
⊕
Wi)l2 → H
is defined as TW(f) =
∑
i∈I vifi for all f = {fi}i∈I ∈ (
∑
i∈I ⊕Wi)l2 and the analysis operator
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T ∗W : H → (
∑
i∈I ⊕Wi)l2 is defined as T
∗
W(f) = {viPWi(f)}i∈I . It is well-known that (see
[1]) the synthesis operator TW of a fusion frame is bounded, linear and onto, whereas the
corresponding analysis operator T ∗W is (possibly into) an isomorphism. Corresponding fusion
frame operator is defined as SW(f) = TWT ∗W(f) =
∑
i∈I v
2
i PWi(f). SW is bounded, positive,
self adjoint and invertible.
Reconstruction formula: Any signal f ∈ H can be expressed by its fusion frame mea-
surements {viPWif}i∈I as
f =
∑
i∈I
viS
−1
W (viPWif). (6)
Orthonormal basis in (
∑
i∈I
⊕
Wi)l2: Consider a family of closed subspaces {Wi}i∈I of
H. Let U = {u1, u2, ....} be an orthonormal basis for H and consider a family of sets {Ji}i∈I
such that Ji =Wi ∩U and denote the cardinality of Jk by |Jk|. For each k ∈ I, define I-tuples,
elkk = (δ
k
i Jk(lk))i∈I , lk = 1, 2, ..., |Jk |, where Jk(lk) is the lk-th element of Jk. It is easy to verify
that the collection {elii }i∈I is countable and forms an orthonormal basis for (
∑
i∈I
⊕
Wi)l2 .
We recall Douglas’ factorization theorem (see [5]) which is required to present few results.
Theorem 2.1. (Douglas’ factorization theorem) Let H1,H2, and H be Hilbert spaces and S ∈
L(H1,H), T ∈ L(H2,H). Then the following are equivalent:
(1) R(S) ⊆ R(T ).
(2) SS∗ ≤ αTT ∗ for some α > 0.
(3) S = TL for some L ∈ L(H1,H2).
3. Atomic subspaces
We define atomic subspace of H with respect to a bounded linear operator.
Definition 3.1. Let K ∈ L(H) and consider a family of closed subspaces {Wi}i∈I and a family
of positive weights {vi}i∈I . Then {(Wi, vi)}i∈I is said to be an atomic subspace of H with respect
to K if the following conditions hold:
(a)
∑
i∈I vifi is convergent for all {fi}i∈I ∈ (
∑
i∈I ⊕Wi)l2 .
(b) For every f ∈ H, there exist {fi}i∈I ∈ (
∑
i∈I ⊕Wi)l2 such that Kf =
∑
i∈I vifi and
‖{fi}‖(
∑
i∈I ⊕Wi)l2 ≤ C‖f‖H for some C > 0.
Remark 3.2. Condition (a) in Definition 3.1 is equivalent to say that {(Wi, vi)}i∈I is a fusion
Bessel sequence.
In the following we present the existence theorem of atomic subspaces.
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Theorem 3.3. A separable Hilbert space has an atomic subspace with respect to every bounded
linear operator.
Proof. Let K ∈ L(H) and consider {en}n∈N as an orthonormal basis for H. Define Un =
span{en} and Wn = K(Un) for n ∈ N. Then {Un}, {Wn} form sequences of closed subspaces
of H. Also define vn = ‖Ken‖, n ∈ N. We claim that {(Wn, vn)}n forms an atomic subspace of
H with respect to K.
To prove this first note that for every f ∈ H, PWnf =
〈f,Ken〉
v2n
Ken. Hence we have
∑
n∈N
v2n‖PWnf‖
2 =
∑
n∈N
|〈f,Ken〉|
2 = ‖K∗f‖2 ≤ ‖K‖2‖f‖2.
This shows that {(Wn, vn)}n is a fusion Bessel sequence.
Again for all f ∈ H, f =
∑
n∈N〈f, en〉en and therefore Kf =
∑
n∈N〈f, en〉Ken =
∑
n∈N vnfn,
where fn =
〈f,en〉
‖Ken‖Ken ∈ Wn. Thus we have
‖{fn}‖
2
(
∑
n∈N⊕Wn)l2 =
∑
n∈N
‖fn‖
2 =
∑
n∈N
|〈f, en〉|
2 = ‖f‖2.

The notion of atomic subspaces has revived to produce generalization of family of local
atoms or atomic systems for a bounded, linear operator. The following theorem provides a
characterization of atomic subspaces.
Theorem 3.4. Let H be a Hilbert space. Assume that {Wi}i∈I be a family of closed subspaces
of H and {vi}i∈I be a family of positive weights. Then the following statements are equivalent :
(1) {(Wi, vi)}i∈I is an atomic subspace of H with respect to K.
(2) There exist A,B > 0 such that for all f ∈ H,
A‖K∗f‖2 ≤
∑
i∈I
v2i ‖PWif‖
2 ≤ B‖f‖2.
Proof. Suppose {(Wi, vi)}i∈I is an atomic subspace of H with respect to K. It is sufficient to
show that there exists a constant A > 0 such that
∑
i∈I v
2
i ‖PWif‖
2 ≥ A‖K∗f‖2 for all f ∈ H.
But since ‖T ∗Wf‖
2 =
∑
i∈I v
2
i ‖PWif‖
2, where TW is the corresponding synthesis operator, this
is equivalent to show that TWT ∗W ≥ AKK
∗. Now since TW is bounded, linear, onto [1],
R(TW) ⊇ R(K). Therefore by using Theorem 2.1 we get the desired result.
Conversely, suppose that the inequality in 2 is true. Then the right inequality asserts that
{(Wi, vi)}i∈I is a fusion Bessel sequence. Now the left inequality gives AKK∗ ≤ TWT ∗W . Then
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using Theorem 2.1, there exists a bounded linear operator L ∈ L(H, (
∑
i∈I ⊕Wi)l2) such that
K = TWL. For every f ∈ H, define Lf = {fi}i∈I . Therefore Kf = TW{fi}i∈I =
∑
i∈I vifi and
‖{fi}‖(
∑
i∈I ⊕Wi)l2 = ‖Lf‖(
∑
i∈I ⊕Wi)l2 ≤ ‖L‖‖f‖ for all f ∈ H. This completes the proof. 
Corollary 3.5. Let {(Wi, vi)}i∈I be a fusion Bessel sequence in H. Then {(Wi, vi)}i∈I is
an atomic subspace of H with respect to the corresponding fusion frame operator SWf =∑
i∈I v
2
i PWi(f), for all f ∈ H.
Proof. Given that {(Wi, vi)}i∈I be a fusion Bessel sequence in H. Then
∑
i∈I v
2
i ‖PWif‖
2 ≤
B‖f‖2 for all f ∈ H and for some B > 0. Now since R(TW) = H = R(SW), by using Douglas
theorem (2.1), we have ASWS∗W ≤ TWT
∗
W , for some A > 0. Hence A‖S
∗
Wf‖
2 ≤
∑
i∈I v
2
i ‖PWif‖
2
and hence the result follows from Theorem 3.4. 
Theorem 3.4 provides a generalization of fusion frames.
Definition 3.6. Given H, a collection of closed subspaces {Wi}i∈I of H with a collection of
positive weights {vi}i∈I , {(Wi, vi) : i ∈ I}, is said to be a K-fusion frame for H with respect to
K ∈ L(H) if there exist positive constants A,B such that
A‖K∗f‖2 ≤
∑
i∈I
v2i ‖PWif‖
2 ≤ B‖f‖2. (7)
Here we recall the definition of Moore-Penrose pseudo inverse of an operator.
Definition 3.7. [11] Let H be a Hilbert space and suppose that T ∈ L(H) has closed range.
Then there exists an operator T † ∈ L(H) for which
N(T †) = N(T ∗), R(T †) = R(T ∗), TT † = PR(T ), T
†T = PR(T ∗).
T † is called Moore-Penrose pseudo inverse of T and is uniquely determined by the above men-
tioned properties. If T is invertible, then T−1 = T †.
The following theorem provides a relation between fusion frames and K-fusion frames.
Theorem 3.8. Let K ∈ L(H). Then:
(a) Every fusion frame is a K-fusion frame.
(b) If R(K) is closed, every K-fusion frame is a fusion frame for R(K).
Proof. (a) Let {(Wi, vi)}i∈I be a fusion frame for H with frame bounds A,B. Then for all
f ∈ H,
A
‖K‖2
‖K∗f‖2 ≤ A‖f‖2 ≤
∑
i∈I
v2i ‖PWif‖
2 ≤ B‖f‖2.
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(b) Let {(Wi, vi)}i∈I be a K-fusion frame for H with frame bounds A,B. Then for all
f ∈ R(K),
A
‖K∗†‖2
‖f‖2 ≤ A‖K∗f‖2 ≤
∑
i∈I
v2i ‖PWif‖
2 ≤ B‖f‖2.

4. Results
In this section we discuss properties of atomic subspaces and characterize the same.
We recall the quotient of bounded operators (see [12]).
Definition 4.1. Let A,B ∈ L(H) with N(B) ⊂ N(A). The quotient operator T = [A/B] is a
map from R(B) to R(A) defined by Bx 7→ Ax.
It may be noted that D(T ) = R(B), R(T ) ⊂ R(A) and TB = A.
Usefulness of Bessel sequence in frame theory and in general in mathematical analysis is
well known. Similarly the concept of fusion Bessel sequence gives us so many spin-off results in
fusion frame theory. In the following two theorems (4.2, 4.4) we present necessary and sufficient
conditions for fusion Bessel sequence to be K-fusion frame.
Theorem 4.2. Let {(Wi, vi)}i∈I be a fusion Bessel sequence in H with corresponding fusion
frame operator SW and assume that K ∈ L(H). Then {(Wi, vi)}i∈I is a K-fusion frame if and
only if the quotient operator
[
K∗/S1/2W
]
is bounded.
Proof. Let {(Wi, vi)}i∈I be a K-fusion frame. Then there is a constant A1 > 0 such that
A1‖K
∗f‖2 ≤
∑
i∈I
v2i ‖PWif‖
2 = 〈SWf, f〉 = ‖S
1/2
W f‖
2, (8)
for all f ∈ H. Now let us denote the quotient operator
[
K∗/S1/2W
]
by T . Then T : R(S
1/2
W )→
R(K∗) such that T (S1/2W f) = K
∗f for all f ∈ H. From 8, it is clear that N(S1/2W ) ⊂ N(K
∗) and
thus T is well defined. Also ‖T (S
1/2
W f)‖ = ‖K
∗f‖ ≤ 1√
A1
‖S
1/2
W f‖ for all f ∈ H and hence T is
bounded.
Conversely, suppose that the quotient operator [K∗/S1/2W ] is bounded. Then there exists a
constant A2 > 0 such that ‖K
∗f‖2 ≤ A2‖S
1/2
W f‖
2 = A2〈SWf, f〉 = A2
∑
i∈I v
2
i ‖PWif‖
2 for all
f ∈ H and consequently {(Wi, vi)}i∈I forms a K-fusion frame for H. 
Corollary 4.3. Let H be a Hilbert space. Let {(Wi, vi)}i∈I be a fusion Bessel sequence in H
with the fusion frame operator SW . Then {(Wi, vi)}i∈I is a fusion frame if and only if SW is
invertible and positive.
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Proof. One direction is obvious from the definition and the fact that 〈SWf, f〉 =
∑
i∈I v
2
i ‖PWif‖
2.
Conversely, let us assume that SW is invertible and positive. Then the result follows from
Theorem 4.2 with K = I. 
Theorem 4.4. Let {(Wi, vi)}i∈I be a fusion Bessel sequence in H with fusion frame operator
SW and K ∈ L(H), then {(Wi, vi)}i∈I is a K-fusion frame for H if and only if there exists a
positive constant A such that SW ≥ AKK∗.
Proof. The proof follows from the fact that 〈SWf, f〉 =
∑
i∈I v
2
i ‖PWif‖
2. See [14] for details.

Here we present a necessary and sufficient condition for a family of closed subspaces to be a
K-fusion frame.
Theorem 4.5. Let H be a Hilbert space and K ∈ L(H). Assume that {Wi}i∈I be a family of
closed subspaces of H and {vi}i∈I be a family of positive weights. Then {(Wi, vi)}i∈I is a K-
fusion frame for H if and only if there exists a bounded, linear operator L : (
∑
i∈I ⊕Wi)l2 →H
such that Len =
∑
i∈I vie
i
n and R(K) ⊆ R(L), where {en}
∞
n=1 is an orthonormal basis in
(
∑
i∈I ⊕Wi)l2 and e
i
n is the i-th component of en.
Proof. Let {(Wi, vi)}i∈I be a K-fusion frame. Then there exist positive constants A and B such
that
A‖K∗f‖2 ≤
∑
i∈I
v2i ‖PWif‖
2 ≤ B‖f‖2,
for all f ∈ H. Define L∗ : H → (
∑
i∈I ⊕Wi)l2 such that L
∗f = {viPWif}i∈I . Then ‖L
∗f‖2 =
∑
i∈I v
2
i ‖PWif‖
2 for all f ∈ H. Hence by the previous inequality we have A‖K∗f‖2 ≤ ‖L∗f‖2
for all f ∈ H and therefore AKK∗ ≤ LL∗. Therefore by Theorem 2.1, R(K) ⊂ R(L).
Now 〈f, Len〉H = 〈L∗f, en〉(∑
i∈I ⊕Wi)l2 = 〈{viPWif}, en〉(
∑
i∈I ⊕Wi)l2 =
∑
i∈I〈viPWif, e
i
n〉H =∑
i∈I〈f, vie
i
n〉H. Hence Len =
∑
i∈I vie
i
n.
Conversely, suppose L : (
∑
i∈I ⊕Wi)l2 → H such that Len =
∑
i∈I vie
i
n and R(K) ⊂
R(L). Then L∗f = {viPWif}i∈I . Therefore
∑
i∈I v
2
i ‖PWif‖
2 = ‖L∗f‖2 ≤ ‖L∗‖2‖f‖2. Hence
{(Wi, vi)}i∈I form a fusion Bessel sequence. Now since R(K) ⊆ R(L), again by Theorem 2.1,
there exists a positive constant A such that AKK∗ ≤ LL∗ and hence A‖K∗f‖2 ≤ ‖L∗f‖2 =
∑
i∈I v
2
i ‖PWif‖
2 . Consequently {(Wi, vi)}i∈I is a K-fusion frame for H. 
Following two results show methods of construction of K-fusion frames from K-frames.
Analogous results for fusion frames are discussed in [1].
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Theorem 4.6. Let H be a Hilbert space, K ∈ L(H) and {fj}j∈J be a K-frame for H with frame
bounds A and B. Assume that {Ji}i∈I is a partition of the index set J and Wi is the closed
linear span of {fj}j∈Ji for all i ∈ I. Then for all f ∈ H we have
A
B‖K
∗f‖2 ≤
∑
i∈I ‖PWif‖
2.
Further if |I| <∞ then {Wi}i∈I is an 1-uniform K-fusion frame for H.
Proof. Since {fj}j∈J is a K-frame for H with bounds A and B, we have
A‖K∗f‖2 ≤
∑
j∈J
|〈f, fj〉|
2 =
∑
i∈I
∑
j∈Ji
|〈f, fj〉|
2 =
∑
i∈I
∑
j∈Ji
|〈PWif, fj〉|
2 ≤ B‖f‖2,
for all f ∈ H. Now since every sub-collection of a Bessel sequence is also a Bessel, we have
∑
i∈I
∑
j∈Ji |〈PWif, fj〉|
2 ≤
∑
i∈I B‖PWif‖
2. Hence we have AB ‖K
∗f‖2 ≤
∑
i∈I ‖PWif‖
2, for all
f ∈ H.
Further, if |I| <∞ then we have
∑
i∈I ‖PWif‖
2 ≤ |I|‖f‖2. Hence in this special case {Wi}i∈I
is always an 1-uniform K-fusion frame for H. 
Corollary 4.7. Let H be a Hilbert space and K ∈ L(H). Suppose {fj}j∈J is a K-frame for
H. Assume that J = J1 ∪ J2 ∪ .... ∪ Jn be a finite partition of J and Wi = spanj∈Ji{fj}. Then
{(Wi, vi)}
n
i=1 forms a K-fusion frame for H for any collection of positive weights {vi}
n
i=1.
Proof. Let {fj}j∈J be a K-frame for H with frame bounds A and B. Then using Theorem 4.6,
{Wi} forms an 1-uniform K-fusion frame with frame bounds A/B and n. That is
A
B
‖K∗f‖2 ≤
n∑
i=1
‖PWif‖
2 ≤ n‖f‖2,
for all f ∈ H. Now considering v = min{vi : i = 1, 2, · · · , n} and w = max{vi : i = 1, 2, · · · , n},
we have
Av2
B
‖K∗f‖2 ≤
n∑
i=1
v2i ‖PWif‖
2 ≤ nw2‖f‖2,
for all f ∈ H. Hence proved.

Definition 4.8. Let {Hi}i∈I be a non-overlapping family of Hilbert spaces. For each i ∈ I, let
us assume that Ti : Hi →Hi be a bounded, linear operator on Hi such that the family {Ti}i∈I is
uniformly bounded i.e. sup{‖Ti‖ : i ∈ I} < ∞. Then the direct sum operator of the uniformly
bounded family {Ti}i∈I is the operator
⊕
i∈I Ti :
⊕
i∈I Hi →
⊕
i∈I Hi on the direct sum of the
Hilbert spaces
⊕
i∈I Hi is defined as (
⊕
i∈I Ti)(x) =
∑
i∈I Tixi, where x =
∑
i∈I xi and xi ∈ Hi.
It is easy to check that
⊕
i∈I Ti is well defined, bounded, linear operator, whose norm is
given by ‖
⊕
i∈I Ti‖ = sup{‖Ti‖ : i ∈ I}.
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In the following theorem we will show that direct sum of K-fusion frames is a K-fusion
frame.
Theorem 4.9. Let {(Wij , vi)}i∈I be a collection of Kj-fusion frames for Hj , j = 1, 2, · · · ,m
with Wij ∩ Wik = φ for j 6= k. Then
{⊕m
j=1Wij, vi
}
i∈I
is a
⊕m
j=1Kj-fusion frame for the
Hilbert space
⊕m
j=1Hj.
Proof. It is sufficient to prove the result for m = 2. Let Aj and Bj be frame bounds for the
Kj-fusion frame {(Wij , vi)}i∈I j = 1, 2. Since PWi1⊕Wi2 = PWi1 ⊕ PWi2 (i ∈ I), then for all
f ∈ H1 and g ∈ H2 we have,
min{A1, A2}‖(K1 ⊕K2)
∗(f ⊕ g)‖2 = min{A1, A2}‖(K∗1 ⊕K
∗
2 )(f ⊕ g)‖
2
= min{A1, A2}‖K
∗
1f ⊕K
∗
2g‖
2
= min{A1, A2}(‖K
∗
1f‖
2 + ‖K∗2g‖
2)
≤ A1‖K
∗
1f‖
2 +A2‖K
∗
2g‖
2
≤
∑
i∈I
v2i ‖PWi1(f)‖
2 +
∑
i∈I
v2i ‖PWi2(g)‖
2
≤ B1‖f‖
2 +B2‖g‖
2
≤ max{B1, B2}(‖f‖
2 + ‖g‖2)
= max{B1, B2}‖f ⊕ g‖
2.
Result follows from the fact that
∑
i∈I v
2
i ‖PWi1(f)‖
2+
∑
i∈I v
2
i ‖PWi2(g)‖
2 =
∑
i∈I v
2
i ‖PWi1⊕Wi2(f⊕
g)‖2. 
In the following result we will present some algebraic properties of K-fusion frame.
Theorem 4.10. Let Kj ∈ L(H) and {aj} be a finite collection of scalars for j = 1, 2, · · · , n.
Suppose {(Wi, vi)}i∈I is a Kj-fusion frame for H, for all j = 1, 2, · · · , n. Then {(Wi, vi)}i∈I is
also a
∑n
j=1 ajKj-fusion frame and
∏n
j=1Kj-fusion frame for H.
Proof. Since {(Wi, vi)}i∈I is a Kj-fusion frame for H, for all j, there exist A,B > 0 such that
A‖K∗j f‖
2 ≤
∑
i∈I
v2i ‖PWif‖
2 ≤ B‖f‖2.
Then the conclusion follows from the following inequalities:
A
(
∑
j
|aj |)2
‖(
n∑
j=1
ajKj)
∗f‖2 ≤
∑
i∈I
v2i ‖PWif‖
2 ≤ B‖f‖2,
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and
A∏n
j=2 ‖K
∗
j ‖
2
‖(
n∏
j=1
Kj)
∗f‖2 ≤ A‖K∗1f‖
2 ≤
∑
i∈I
v2i ‖PWif‖
2 ≤ B‖f‖2,
for all f ∈ H. It may be noted that the trivial case, Kj being zero operator, has been omitted.

Suppose U and V are two closed subspaces of H and PU , PV are orthogonal projections from
H onto U, V , respectively, such that PUPV = PVPU . Then it is well-known that PUPV is the
orthogonal projection from H onto U ∩V. In the following we will discuss when the intersection
of K-fusion frames is a K-fusion frame.
Lemma 4.11. Suppose that {Wi}i∈I , {Vi}i∈I are families of closed subspaces of H and {wi}i∈I ,
{vi}i∈I are families of positive weights. Also suppose that the orthogonal projections PWi & PVi
commute for each i ∈ I. If {(Wi, wi)}i∈I (or {(Vi, vi)}i∈I) is a fusion Bessel sequences in H,
then so is {(Wi ∩ Vi, wi)}i∈I (or {(Wi ∩ Vi, vi)}i∈I).
Proof. Suppose {(Wi, wi)}i∈I is a fusion Bessel sequence. Then for some constant B > 0, we
have for all f ∈ H
∑
i∈I
w2i ‖PWi∩Vif‖
2 =
∑
i∈I
w2i ‖PViPWif‖
2 ≤
∑
i∈I
w2i ‖PWif‖
2 ≤ B‖f‖2
and hence {(Wi ∩ Vi, wi)}i∈I is a fusion Bessel sequence. 
Theorem 4.12. Let {(Wi, wi)}i∈I be a fusion frame for H and V be a closed subspace of
H. Also assume PV commutes with PWi for each i ∈ I. Then {(Wi ∩ V, wi)}i∈I will form a
PV -fusion frame for H.
Proof. Suppose {(Wi, wi)}i∈I is a fusion frame for H, then for some constants A,B > 0 and
using Lemma 4.11 we have
A‖P ∗Vf‖
2 = A‖PVf‖2 ≤
∑
i∈I
w2i ‖PWiPVf‖
2 =
∑
i∈I
w2i ‖PWi∩Vf‖
2 ≤ B‖f‖2,
for all f ∈ H. Hence {(Wi ∩ V, wi)}i∈I is a PV -fusion frame for H. 
Theorem 4.13. Let {(Wi, wi)}i∈I be a K-fusion frame for H where K ∈ L(H) and V be a
closed subspace of H. Also assume that PV commutes with PWi for each i ∈ I and P
†
V commutes
with K∗. Then {(Wi ∩ V, wi)}i∈I forms a K-fusion frame for R(PV).
Proof. Since PV has closed range, P
†
V exists. {(Wi, wi)}i∈I is a K-fusion frame for H implies
that there exist positive constants A,B such that
A‖K∗f‖2 ≤
∑
i∈I
w2i ‖PWif‖
2 ≤ B‖f‖2,
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for all f ∈ H. Therefore using Lemma 4.11, for all f ∈ R(PV), we have A‖P †
V
‖2 ‖K
∗f‖2 =
A
‖P †
V
‖2 ‖K
∗P †VPVf‖
2 ≤ A‖K∗PVf‖2 ≤
∑
i∈I w
2
i ‖PWiPVf‖
2 =
∑
i∈I w
2
i ‖PWi∩Vf‖
2 ≤ B‖f‖2.
Hence {(Wi ∩ V, wi)}i∈I is a K-fusion frame for R(PV). 
5. Conclusion
In the area of frame theory, the study of atomic subspaces has a great significance to char-
acterize fusion frames with respect to a bounded linear operator, which we have analyzed in
Sections 3 & 4.
K-fusion frames come naturally when one needs to reconstruct functions from a large data
in the range of a bounded linear operator. K-fusion frames can be further studied to rich the
existing literature of fusion frames and their applications in coding theory, sensor network, etc.
The first author acknowledges the financial support of MHRD, Government of India.
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